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Let G be a finite group, k an algebraically closed field of prime 
characteristic p and let J be the radical of the group ring kG. Landrock 
conjectured in his book [4] that 
(L): Y/f+’ is self-dual as a (right) kc-module for all i. 
Unfortunately this is not true in general. A counterexample will be prescn- 
ted. However, we acknowledge the significance of this conjecture for 
various reasons. For example it will be helpful in determining Loewy series 
for given groups. So it seems to be reasonable to investigate when or for 
which groups it is true. We would like to do this in the second section. 
1. COIJNTEREXAMPLES 
We show that (L) is false for the Mathieu group G = M,, of degree 
eleven and p = 11. G has a Sylow 1 l-subgroup of order 11 and the Brauer 
tree of its principal 1 l-block B is 
10 




Therefore ZBr(B)= { 1, 9, 10, lo*, 16) and lO* is the dual of 10 (see 
James [ 11). Let Pi be the projective cover of i E Z Br(B). It is not so difficult 
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to find Loewy series of Pi by making use of following facts for blocks with 
cyclic defect groups: 
(1) dim Ext,&(i, j) = dim Ext&( j*, i*) < 1; 
(2) each Loewy factor of Pi consists of at most two simple com- 
ponents (Peacock [ 51); 
(3) P,, P,,, P,,. are uniserial, while others are not (Janus2 [2]); and 
possibly by making use of the general fact: 
(4) if I’ is a simple component of P,J’/P,J’+ ‘, then there exists a 
simple component U of P,P- ‘/P,J’ such that Ext:,( U, V) #O (see 
Landrock [4, p. 381) 
Thus the Loewy series are as follows; 
1 10 10* 9 16 
P,: 9 P,,: 9 P,,,: 16 P,: 1 lO* P,,: 10 16 
1 10* 10 16 9 
16 9 10 10* 
10 10* 9 16 
This implies that in J/J2 10 appears with multiplicity 16, while lO* with 
multiplicity 9 and hence J/J2 is not self-dual. 
Next, we give counter examples in solvable groups; Let p be an odd 
prime and q = pp. Let G be a permutation group on the Galois field GF(q) 
consisting of the transformations of the form 
(a, 4 b): v -+ uv” + b 
with ~EGF(~)~ =GF(q)- {0}, beGF(q) and ocGal(GF(q)/F), where 
F=GF(p). Put P= ((1, 1, b);bEGF(q)}, M= {(1,a,O);a~GF(q)“} and 
let r E Gal(GF(q)/F) b e such that 0’ = up for v E GF(q). Then P is a normal 
p-subgroup of G and A4 is a p’-subgroup of G which is isomorphic to 
GF(q) ‘. Let x be a generator of M. G has a normal series G D MP D 
Pbl and [t,M]=(xPm’ ), [G:G’]=(p-1)~. P is an FG-module by 
the conjugation of the elements of G, which is irreducible. In fact P,,, is 
irreducible as M acts on P * transitively. So that the characteristic 
polynomial of x on P is irreducible and the roots of it are [, ip,..., Ipp-‘, 
where [ denotes a primitive (q - 1)th root of unity in k. This means that P 
is absolutely irreducible. We set V= kOF P. The irreducible kG-modules 
are either one-dimensional or p-dimensional and there are exactly (p - 1) 
one-dimensional kG-modules, which are denoted by S, = k, S2,..., S, ~, . 
Since (jz<q-‘Jp-’ is a primitive (p - 1)th root of unity, we may assume 
that the character value of Si at x is a (3-i. Let Ui be te projective cover of 
Si. Note that Ui N Ui Ok Si. Moreover we have that U, J/J, J2 z k @ V, 
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which follows from a result of Gaschiitz (see Schmidt [6]) and 
UiJ/UiJ2 N Si@ SiQk V. We claim that no P’Ok Si is isomorphic to V*. In 
fact if VOk Si N V* for some i, then by considering the characteristic roots 
of the action of x on both modules, we get that if?- ’ = [-“’ for some j 
(0 < j < p - 1). This is clearly impossible as p is odd. It is now easy to see 
that V appears in J/J2 with multiplicity 1 mod p, while I’* with 0 mod p. 
Therefore J/J2 is not self-dual. 
The above argument will be valid for p = 2 by considering similar trans- 
formation group on GF(24) instead. 
2. SOME AFFIRMATIVE CASES 
We put A = kG. For a right module V over A, V* denotes the dual space 
Hom,( P’, k), which is again a right module over A by the rule 
(fx)(u) =f(vx-‘) for JE V*, XE G, and v E V. The conjecture (L) is 
equivalent to saying that ,i/,i+ ’ . IS isomorphic to soci + , (A )/soc,(A ), since 
the former is isomorphic to the dual of the latter in general. This nice 
relation has motivated the present work and we want to investigate when 
or for which groups the conjecture is true. However, it is almost impossible 
to go into direct discussion upon the structure of J’, which will be far from 
being handled at present. We proceed by finding conditions for the validity 
of (L), which may be of use to some extent (see the Lemma 3 and the 
Corollary 5). 
We denote by pi(A) the set of primitive idempotents of A and by 6 the 
anti-automorphism of A defined as S(C,, G a,x) = C 1 c G u,x ~ ‘, where 
a, E k. The following fact is easy to show, but useful. 
LEMMA 1. For eE pi(A), 6(e)A = (eA)* as A-modules. 
ProoJ: If T is a k-representation afforded by V = eA/eJ, then 
U(x) = ‘T(x- ‘) is the k-representation of G afforded by V*. Therefore 
tr U(&e)) = tr T(e) = 1 and hence &e)A/h(e)J- (eA/eJ)* = soc(eA)*. This 
implies that 6(e)A 2: (eA)*. 1 
We mention two applications of Lemma 1. The first one is to give short 
proofs to the theorems of Landrock [3], which is another purpose of this 
paper. For simple A-modules U, V, let c’~‘)(U, V) be the Cartan integer 
corresponding to U and V in the factor algebra A/J”. So if e, f’~ pi(A) such 
that eA/eJ 1: U, fA/fJ N V, then this number equals to dim eAfjeJ”f: Let f * 
be a primitive idempotent of A such that f *A 2: (fA)*. Under the above 
notation, we have 
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THEOREM 2 (Landrock). (1) The multiplicity of V as a simple com- 
ponent oj” eJ” ~~ ‘/eS equals that of U* in f *J” ~ ‘lf *P. 
(2) dh)( u, V) = c”)( v*, cl*). 
Proo$ eJ” :f/eJ’f‘- S(f) J‘ ‘6(e)/6(f) 5)6(e) ‘v ,f *J’ ‘e*/f *Fe*, since 
#‘*A N 6(J’)A by Lemma 1. This proves the first assertion. The second one 
can be shown quite similarly. 1 
Also we have 
LEMMA 3. (L) is true if’ and only if dim J’e = dim eJ’ ,for all i and all 
e Epi(A). 
ProoJ: We see that (L)odimJ’e/J’+‘e=dimJ’6(e)/J’+’ S(e)* 
dim f’r = dim f’ 6(e) for all i and all e E pi(A ). The first equivalence is clear. 
To show (+) in the second one, we proceed with the induction on i. Note 
that in the symmetric algebra A, la=0 o al = 0 for any two-sided ideal I 
of A, as is easily seen from the existence of a symmetric linear function on 
A which does not annihilate any one-sided ideal of A. From this we see 
that if J”e = (sot A )e, then eJ” = e(soc A). By applying 6, we get 
s’ 6(e)= (sot A) 6(e). Since sot A is self-dual, we have dim J”e= dim 
(sot A)e = dim(soc A) 6(e) = dim J” 6(e). It then follows from the 
assumption that dim S’ ‘e = dim s’ ’ 6(e) = dim eJ”- ‘. Therefore we 
have dim J’e = dim eJ’ for all i by the induction. 1 
In the ordinary case, every irreducible character is algebraically con- 
jugate to its dual. However, in the modular case, this is not true in general. 
PROPOSITION 4. If every irreducible k-character is algebraically conjugate 
to its dual, then (L) is true. 
Proof Let F be the prime field of k and let I be the radical of FG. We 
have J= kl as is well known and so Ji/Jii ’ z k@rZ’/I’+‘. If I/ is a simple 
FG-module, then k 0,; V is a direct sum of nonisomorphic simple kG- 
modules which are algebraically conjugate to each other. Moreover if U is 
a simple FG-module not isomorphic to V, then k OF V and k ah- U do not 
have any simple component in common. Putting together these things, we 
see that two algebraically conjugate simple kG-modules appear with the 
same multiplicity in Ji/Y+ ‘. Therefore our assertion follows by the 
assumption. 1 
COROLLARY 5. Let (G( = p”m with ( p, m) = 1. Then (L) is true if there is 
an integer n such that p” E -1 mod m. 
Prooj: The assumption is equivalent to that a primitive mth root of 
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unity in k is conjugate to its inverse. So, in particular, every irreducible 
k-character is algebraically conjugate to its dual. 1 
For a p-group G, (L) is trivially true. So it is natural to expect that (L) is 
true if G has a normal Sylow p-subgroup. More precisely we have 
LEMMA 6. Let G D H and assume that (p, [G : H]) = 1. Then (L) is true 
for G [f and only if it is true for H. 
Proof Let L be the radical of kH. It follows from the assumption that 
.I’= L’A = AL’ for all i. So if L’/L’+ ’ N (L’/L’+ I)*, we have 
,,/Ji+ I ‘v LiILi+ I OH kG= (L’/L’+‘)*@,kG- (,i/Jj+‘)*. To show the 
converse, let { W,, W2,..., W,} be a full set of nonisomorphic simple kH- 
modules and let {A; A E r} be the set of G-orbits of { W,, W,,..., Ws} under 
the conjugate action of G. We set, for fixed i, Li/Lif ’ 2~ oj ai W,, where 
a, 3 0. We want to show ai= ai* for all j, where I#$. z WF. Put 
WC; = WOH kG. Recall that Wf and W,G have simple components in com- 
mon if and only if W, and W, are G-conjugate. In that case we have 
a(, = a,, which is because of that 
(P): L’ is isomorphic to its G-conjugate, as L’= xp ‘Lx E L’x for x E G. 
Summarizing the above, we have J’/Ji+ ’ 2: @A E,- ad /Al Wz‘, where if 
W, N W,E A, then ad = aj. And hence (J’/,i+ ‘)* ‘v Q, ad IAl W:,. Since 
(J’/J’+‘)* N (f/Jj+‘) Y @A a3* /A*/ Wz* by the assumption, we get 
ad JAI = ad* [A*1 and thus ad = a,, as asserted. 1 
In the rest we show that (L) is true for particular groups. 
PROPOSITION 7. (L) is true for A,. 
Prooj (L) is true for S,, so that we may assume that p =2 by 
Lemma 6. Let x = (12) and let cp be arbitrary irreducible k-character of A,,. 
By (P) it suffices to show that cp* = cp’; unless (p* = cp. If cps = cp, then rp 
extends to S,, and hence (p* = cp. If cpc # cp, there exists an irreducible k- 
character II/ of S,, such that II/ = rp + cp’ on A,. Therefore $ = $* = cp + ‘p* 
on A,, whence it follows that cp’= ‘p*. 1 
One may note from Lemma 3 that (L) is true if there is an anti- 
automorphism p of A such that p(e)A N eA for any e E pi(A). This is just 
the case for G = GL,(q) or U,(q). To see this, let p(C.KEc a,x) = Clcc a-:x, 
where ‘x denotes the transpose of x. This is an anti-automorphism of A. On 
the other hand we know that x E G is conjugate to ‘X in either case (see 
Wall [7]. Of course for GL,(q), this is easily seen from elementary linear 
algebra). Let e E pi(A) and let T be an irreducible k-representation of G 
afforded by eA/eJ. It is easy to see that tr T(p(e)) = tr T(e) = 1, whence it 
follows that p(e)A N eA. Thus we have shown 
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PROPOSITION 8. (L) is true,for GL,(q) and U,(q). 
Finally we show 
PROPOSITION 9. (L) is true for SL,(q). 
Proof. There exists GL,,(q) D XD SL,(q), such that GL,(q)/X is a p- 
group and X/SL,(q) is a p’-group and X is closed under the transpose 
action. By Lemma 6, it is sufficient to show that (L) is true for X. Put 
B = k[GL,(q)], B, = kX and let e E pi(&). Since GL,(q)/X is a p-group, 
eB N eB, Ox B is indecomposable (projective) by Green’s theorem. 
Therefore eB z y(e)B as remarked above. It then follows that eB, is 
isomorphic to a G&(q)-conjugate of p(e) B,; eB, 1 p(e) B,x for some 
x E B. Let L be the radical of B,. From the above isomorphism it follows 
that eL’ E p(e) B,xL’= p(e) L’x and dim eL’= dm p(e) L’= dim L’e, which 
implies our assertion by Lemma 3. m 
Remark. (L) remains true for PGL,(q), PU,,(q), and PSL,(q), as is 
easily seen from the above argument. 
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